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Abstract: Inefficient heat transfer rates have resulted in high energy consumption costs in heat exchanger systems. In this
study, unsteady MHD(Magneto-hydrodynamics) Nanofluid flow (Silver-water) through a divergent conduit with chemical
reaction and radiation is investigated. The chemical reactions taking place within the Nanofluid are considered to be of first
order with the radiation effects being in a steady state. The governing partial differential equations have been transformed into
ordinary differential equations using similarity transformations. The resulting system of non-linear ordinary differential
equations is then solved using the spectral collocation method and implemented in MATLAB software. The results for velocity,
temperature, and concentration profiles are presented graphically and discussed. It was observed that increasing the Reynolds
number and Hartmann number led to an increase in the velocity profile. Increasing the Eckert number and Joule heating
parameter increased the temperature profile while increasing the radiation parameter led to a decrease in the temperature of the
Nanofluid. The concentration of the Nanofluid increased with an increase in the Soret number and Chemical reaction parameter
while the concentration decreased with an increase in the Schmidt number. The findings have practical applications in designing
and optimizing heat exchangers by maximizing heat transfer thus contributing to the sustainability of geothermal power
generation in the energy industry.
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1. Introduction
As the world population is growing, there is an increasing

energy demand. The need to provide clean and renewable
energy without affecting the environment is inevitable. To
improve the levels of clean energy produced, alternative
methods have come up such as Geothermal sources of energy.

Converging-diverging tubes(Venturi tubes)were first
designed by Giovanni Battista Venturi to experiment effects of
fluid pressure reduction while flowing through chokes (Venturi
effect). Later on, Osborne Reynolds conducted the first
experiment by investigating convergent-divergent duct flows.
He used a water channel and observed the velocity profile

of the flow as it passed through the convergent section into
the divergent section. This work established the fundamental
understanding of convergent-divergent flows and provided the
basis for further research in this area.

A study on the effect of heat and mass transfer on unsteady
MHD Nanofluid flow through a convergent-divergent channel
was carried out by [1]. They used the collocation method and
observed that the nanoparticle volume fraction decreased the
velocity of the Nanofluid in the divergent section while the
volume fraction increased the velocity of the Nanofluid in the
convergent section. They also observed that the velocity and
temperature increased with an increase in the heat generation
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for both convergent and divergent channels and that the
concentration of the Nanofluid decreased with an increase in
heat generation parameters for both convergent and divergent
channels.

Geometric and thermo-hydrodynamic effect on a 3D
converging-diverging channel was researched by [2]. They
analyzed the heat transfer properties of a 3D converging-
diverging channel. They utilized the Taguchi and ANFIS
techniques to optimize Reynolds, Hartmann numbers,
Nanofluid volume fraction, and geometric parameters of the
channel. They observed that the Reynolds number, Hartmann
number, and Nanofluid volume fraction play more significant
roles in improving the thermal and hydrodynamic performance
of the channel than geometric parameters. The results showed
that the increase in the Nanofluid volume fraction caused the
most significant increase in the Nusselt number.

Chemical reactions in Nanofluids lead to changes in the
properties of the fluid. The effects of chemical reactions
have been researched and the chemical models obtained have
been applied in various industries. Heat and mass transfers
in a two-phase stratified turbulent fluid flow in a geothermal
pipe with chemical reaction was investigated by [3]. They
used the finite difference method to solve the governing
equations. They established that increasing the Eckert number,
Prandtl number, and angle of inclination led to an increase
in the rate of heat transfer while increasing the Reynolds
number, Chemical reaction parameter and angle of inclination
significantly increased the mass transfer rate. They also
observed that the skin friction decreased with an increase in
the Reynolds number and that decreasing the chemical reaction
parameter decreased the concentration of the geothermal fluid
which caused corrosion of geothermal pipes.

A study on Hydro-magnetic surface-driven flow between
two parallel vertical plates in the presence of chemical reaction
and induced magnetic field was conducted by [4]. They
applied the numerical approximation finite difference method
to solve the equations numerically. They observed that an
increase in the chemical reaction parameter leads to a decrease
in the fluid concentration. This was caused by the negative
chemical reaction which reduced the concentration boundary
layer thickness and increased the mass transfer.

The Soret-Dufour effects on MHD chemically reacting fluid
flow via diverging and converging channels were examined
by [5]. Analytical solutions of existing flow equations were
obtained by HAM (Homotopy Analysis Method) and ADM
(Adomian’s Decomposition Method). They revealed that
when there was an increase in Reynolds number, the opposite
variations were observed in temperature profiles of convergent
and divergent channels.

Radiation affects the temperature and energy balance of any
fluid system by influencing the flow dynamics. The effects of
thermal radiation on the flow of Jeffery fluid in converging and
diverging stretchable channels were investigated by [6]. They
used the Adomian decomposition method to obtain solutions.
They observed that an increase in the values of the Reynolds
number reduced the velocity of the shrinking divergent channel
and consistently increased the shrinking convergent channel

velocity.
Heat and mass transfer of radiative and chemical reactive

effects on MHD Nanofluid over an infinite moving vertical
plate was analyzed by [7]. They used the perturbation method
to solve the dimensionless boundary layer equations with
various thermo-physical properties taken into account. They
observed that the velocity of the Nanofluid increased as the
volume fraction of solid particles increased and as the thermal
radiation parameter rose. They also concluded that Cu-water
Nanofluid was a better thermal conductor when compared with
conventional fluids such as water.

The radiation effect on Magneto-Hydrodynamic flow with
induced magnetic field and Newtonian heating/cooling using
an analytic approach was examined by [8]. The MHD flow
which was natural convective was electrically charged through
two vertical insulated walls. They observed that radiation
raised the velocity, the temperature field, the induced magnetic
field, and the current density field in view of enhancing the
thickness of the boundary layer.

Two-phase convergent Jeffery-Hamel flow in a geothermal
pipe concentrated with silica particles and thermophoresis was
studied by [9]. They used the BVP4c collocation method
to solve the nonlinear ODEs. They established that the
unsteadiness parameter significantly influenced the velocity,
temperature, and concentration in both the gaseous and the
liquid phase, secondly the Reynolds number effect in the
gaseous phase velocity was more significant in comparison to
the liquid phase, thirdly the variation in heat transfer as a result
of the Prandtl number was more significant in comparison
to the liquid phase, fourthly there was a significant effect of
the control factor introduced in the concentration equation to
counter silica polymerization.

A study on the effect of radiation on the flow and heat
transfer over an unsteady stretching sheet was conducted
by [10]. They discovered that the effect of the radiation
parameter on the heat transfer rate was found to be more
noticeable at larger values of the unsteadiness parameter and
Prandtl number. Extensive research has been done under
unsteady MHD Nanofluid flow through a convergent-divergent
channel. However, previous research has given little attention
to chemical reactions and radiation. This present study extends
the work of [1] by incorporating both chemical reaction and
radiation in unsteady MHD Nanofluid flow through a divergent
conduit.

2. Mathematical Formulation

Consider two-dimensional MHD Nanofluid flow through
a divergent conduit as shown in figure 1. The Nanofluid
is incompressible and of non-linear viscosity of the k − ω
model. The fluid flow is unsteady and described by the
cylindrical polar coordinate system (r, θ, z). |α| > 0,
represents the diverging section of the flow field domain. The
flow is assumed to be purely radial and satisfying the no-slip
condition. This present study considered the magnetic field
to be constant and uniform. The power law model has been



International Journal of Fluid Mechanics & Thermal Sciences 2024; 10(1): 1-14 3

used to describe the non-Newtonian behavior of the fluid. The
chemical reactions within the Nanofluid were considered to be

of first-order and the radiation effects were in a steady state.

Figure 1. Flow geometry.

The governing equations are continuity, conservation of momentum, energy, and concentration. The velocity of the Nanofluid
is given by:

~q = ~q(r, θ, t) (1)

From the assumptions presented, the specific governing equations in cylindrical coordinates are expressed as follows:
Equation of Continuity
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By Rosseland’s approximation [11] and [12], the radiative heat flux for thermal radiation is given by:
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where σ∗ is the Stefan-Boltzmann constant and knf is the mean absorption coefficient of the Nanofluid.
Equation of Concentration
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Due to the Non-Newtonian nature of the Nanofluid, the
Power Law model implemented expressed the viscosity as:

µ = µ0g
n−1(θ) (9)

where θ is a subset of angle α. A dilatant fluid is a type of
non-Newtonian fluid that exhibits shear-thickening behavior
whereby its viscosity increases with shear rate. For this study,

we considered a dilatant fluid where n > 1. Therefore, letting:

g(θ) = θc, (10)

for c > 1 where c is an arbitrary constant.
Then equation (9) will be expressed as:

µ = µ0θ
c(n−1) (11)

The boundary conditions considered are as follows:
At the center line, θ = 0:

ur = u∞,
∂ur
∂θ

= 0, T = T∞,
∂T

∂θ
= 0, C = C∞,

∂C

∂θ
= 0 (12)

On the wall, θ = α:

∂ur
∂θ

= −γu(θ), T = Tω, C = Cω (13)

where u∞ is the velocity at the center line, α is the wedge
angle and γ ≥ 0 is the friction coefficient factor.

Similarity transformation has been used to reduce the
governing non-linear partial differential equations into non-
linear ordinary differential equations. From [13] and [14], the
similarity transformation of velocity is given as:

ur(r, θ, t) = −Q
r

1

δm+1
F (η) (14)

where Q is the planar volumetric flow rate, m is a constant
related to the angle α, δ is the time dependent length scale,

and F is the dimensionless fluid velocity. The similarity
transformations for temperature and concentration are given
by:
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where ω(η) denotes the dimensionless temperature, φ(η)
denotes the dimensionless concentration and η is a
dimensionless parameter given as:

η =
θ

α
(17)

Applying the transformations of equations 14, 15 and 16
into equations 2, 3, 4, 5 and 8 yielded:
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The following dimensionless parameters are observed from
equations 18-20:

Reynolds number: Re =
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, Hartmann number: Ha =
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Substituting the non-dimensional parameters into equations
18, 19 and 20 yielded:
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(m+ 1)rm+1
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Transforming the boundary conditions with the
transformations 14, 15 and 16:

At the center line, η = 0

F (0) = 1, F ′(0) = 0, ω(0) = δm+1, φ(0) = δm+1 (24)

At the walls, η = α

F ′(α) = −γF (α), ω(α) = 0, φ(α) = 0 (25)

The Skin friction, Nusselt number, and Sherwood number
are defined as:

Cf =
−2√
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F ′(0) (26)

Nu = −
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Sh = −
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3. Numerical Solution

The equations (21), (22), and (23) are nonlinear Ordinary
Differential Equations (ODEs) that are solved numerically.
The nonlinear ODEs obtained from the current model are
subject to boundary conditions and therefore numerical
techniques for boundary value problems (BVPs) are employed
in solving them. The Spectral Collocation method
has been used in this study for solving the two-point
boundary value problems (BVPs). This numerical technique
approximates solutions to differential equations, particularly
partial differential equations (PDEs), within a given domain.
The collocation method has been demonstrated in [15] to be
convergent, consistent, and stable, which are three crucial
characteristics to take into account when determining the most
effective approach for resolving model problems.

The model equations which are of higher-order non-linear
ODEs are first reduced to first-order non-linear ODEs for
convenience when solving. The following conventions were
used for this study:

y1 = F, y2 = F ′, y3 = F ′′, y4 = ω, y5 = ω′, y6 = φ, y7 = φ′ (29)

The system of first-order equations is given by the matrix:
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The boundary conditions 24 and 25 are also reduced to first

order:
At the center line, η = 0

y1(0) = 1, y2(0) = 0, y4(0) = δm+1, y6(0) = δm+1 (30)

At the walls, η = α

y2(α) = −γy1(α), y4(α) = 0, y6(α) = 0 (31)
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4. Results and Discussion

This study presents a model that contains velocity,
temperature, and concentration profiles which have been
simulated to produce the following graphical results.

From figure 2, an increase in the Reynolds number resulted
in to increase in the velocity of the Nanofluid. Reynolds

number is the ratio of inertial forces to viscous forces.
Increasing the Reynolds number significantly implies that
the viscous forces are decreasing which in turn increases
the velocity of the Nanofluid since motion is less opposed.
Conversely, decreasing the Reynolds number implies that the
viscous forces dominate leading to the motion of the Nanofluid
experiencing more resistance thus decreasing the velocity of
the Nanofluid.

Figure 2. Effect of varying Reynolds number on velocity profile.

From figure 3, an increase in the Hartmann number led to
a decrease in the velocity profiles. Interaction between the
electrically conducting fluid and the magnetic field gives rise to
the Lorentz force. This force acts in a direction perpendicular
to both the magnetic field and the fluid velocity and opposes
any motion of the fluid that is perpendicular to the magnetic

field. Increasing the Hartmann number implies a stronger
magnetic field which increases the Lorentz force acting on
the Nanofluid which in turn suppresses fluid motion. Thus
increasing the Hartmann numbers enhances a stabilizing effect
on the Nanofluid by reducing the fluid velocity.

Figure 3. Effect of varying Hartmann number on velocity profile.
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From figure 4, increasing the unsteadiness parameter led to
a decrease in the velocity of the Nanofluid. Increasing the
unsteadiness parameter means that the velocity is changing
rapidly with time. This variability results from factors such
as unsteady boundary conditions, oscillatory inflow, or time-
dependent heat sources. In a rapidly changing flow, the fluid

particles need to adjust to the changing conditions. This inertia
in the fluid’s response to changing conditions can manifest as
a reduction in the mean velocity of the Nanofluid. The fluid
particles cannot accelerate or maintain high velocities because
they are continuously adjusting to the rapidly changing flow
hence resulting in the overall reduced velocity.

Figure 4. Effect of varying unsteadiness parameter on velocity profile.

From figure 5, increasing the Prandtl number relatively
decreases the temperature of the Nanofluid. The Prandtl
number characterizes the relative importance of momentum
diffusivity (kinematic viscosity) to thermal diffusivity in the
Nanofluid. Increasing the Prandtl number implies increased

viscous forces and decreased thermal diffusivity. The rate
of heat transfer within the Nanofluid decreases thus it takes
longer for temperature changes to occur, ultimately leading to
lower Nanofluid temperatures.

Figure 5. Effect of varying Prandtl number on temperature profile.
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From figure 6, an increase in the Eckert number leads to
an increase in the temperature of the Nanofluid. The Eckert
number characterizes the relative importance of kinetic energy
to internal(thermal) energy in the Nanofluid flow. Increasing
this parameter indicates that the Nanofluid has a higher kinetic

energy compared to its internal energy. This means that
the flow is more dynamic and the effects of turbulence and
viscosity lead to the conversion of kinetic energy into thermal
energy which results in temperature rise within the Nanofluid.

Figure 6. Effect of varying Eckert number on temperature profile.

From figure 7, increasing the radiation parameter typically
leads to a decrease in the temperature of the Nanofluid.
Increasing the radiation parameter indicates that the radiative
heat transfer becomes more influential in the overall heat
exchange process. However, the Nanofluid is less efficient
at absorbing radiative heat. Instead, it tends to emit more
heat through radiation, meaning that a greater portion of the

energy in the fluid is radiated out, resulting in a cooling
effect. Radiative cooling involves the emission of thermal
radiation from a warmer surface to a cooler environment
through radiation. Therefore, as the parameter rises, more heat
is radiated away from the Nanofluid, leading to a net loss of
thermal energy and thus a decrease in temperature.

Figure 7. Effect of varying Radiation parameter on temperature profile.
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From figure 8, increasing the Joule heating parameter leads
to an increase in the temperature of the Nanofluid. The
Joule heating parameter is related to the electrical resistance
of the conducting medium. When the parameter increases, it
indicates that the Nanofluid has higher resistance to the flow of

the electrical current which results in electrical energy being
converted into thermal energy. Heat is generated due to the
friction of charged particles moving through the Nanofluid.
This heat adds to the fluid’s internal energy, leading to a
temperature increase.

Figure 8. Effect of varying Joule heating parameter on temperature profile.

From figure 9, increasing the unsteadiness parameter
increases the temperature of the Nanofluid. The unsteadiness
parameter reflects the degree of temporal variation or
unsteadiness in the flow field. Unsteady flows include time-
dependent heat sources that have variations in heat input

which directly impact the temperature of the Nanofluid. The
variations result in increased fluid dissipation, especially in
the form of viscous dissipation. This process generates heat,
leading to a temperature rise in the Nanofluid.

Figure 9. Effect of varying Unsteadiness parameter on temperature profile.
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From figure 10, increasing the Schmidt number leads to a
decrease in the concentration of the Nanofluid. The Schmidt
number characterizes the relative importance of momentum
diffusivity(kinematic viscosity) to mass diffusivity. A higher
Schmidt number means that mass transfer is less efficient

since mass diffusion is slowed down compared to the rate
of momentum diffusion. As a result, the concentration of
the Nanofluid decreases because the fluid has a harder time
transporting and mixing the Nanofluid components.

Figure 10. Effect of varying Schmidt number on concentration profile.

From figure 11, increasing the Soret number typically
increases the concentration of the Nanofluid. Soret number
characterizes the relative importance of thermal diffusion
to mass diffusion. Increasing the Soret number implies
that thermal diffusion is more significant compared to mass

diffusion. The effect of temperature gradients on mass transfer
becomes stronger hence nanoparticles migrate from regions
of higher temperature to regions of lower temperature. This
results in higher local concentrations of nanoparticles in the
Nanofluid.

Figure 11. Effect of varying Soret number on concentration profile.
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From figure 12, the concentration of the Nanofluid increases
with an increase in the chemical reaction parameter. A higher
chemical reaction parameter signifies that chemical reactions
occur more rapidly within the Nanofluid. Faster chemical

reactions lead to increased production of solute species or
nanoparticles by generating additional components such as
reaction products or by-products. This results in an increase
in the concentration of the nanoparticles within the Nanofluid.

Figure 12. Effect of varying chemical reaction parameter on concentration profile.

From figure 13, increasing the unsteadiness parameter
generally leads to an increase in the concentration of the
Nanofluid. Increasing the unsteadiness parameter indicates
that the flow is more dynamic and unsteady. A higher
unsteadiness parameter also implies an increase in temperature

over short time intervals. This leads to enhanced mixing of
nanoparticles over a larger volume of the Nanofluid, resulting
in higher overall concentrations because the nanoparticles are
distributed more evenly.

Figure 13. Effect of varying Unsteadiness parameter on concentration profile.
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4.1. Effects of Flow Parameters on Skin Friction
Coefficient

Table 1 displays the effects of Reynolds number, Hartmann
number, and unsteadiness parameter on the skin friction
coefficient. It is noted that as the Reynolds number increases,
the skin friction coefficient reduces. Increasing the Reynolds
number implies that the viscous forces are reducing which then
makes the fluid experience less resistance thus reducing skin
friction. Increasing the Hartmann number augments the skin
friction coefficient. Increasing the Hartmann number signifies
a stronger magnetic field which exerts stronger control over the
fluid motion. The fluid flow is therefore restricted resulting in
higher viscous forces which consequently leads to an increase
in the skin friction coefficient.

Table 1. Results of Skin friction coefficient for different physical parameters.

Re Ha λ Cf

4.00 0.50 1.00 2.19367

8.00 1.66222

16.00 1.33242

32.00 1.16428

4.00 0.50 1.00 2.19367

1.00 2.29647

1.50 2.47210

2.00 2.72624

4.00 0.50 1.00 2.19367

2.00 2.12628

4.00 1.99436

8.00 1.74271

4.2. Effects of Flow Parameters on Heat Transfer Rate

Table 2. Results of heat transfer rate for different physical parameters.

Ec J λ Rd Nu

0.10 1.00 1.00 0.10 16.84203

4.00 18.18833

8.00 19.56915

16.00 22.33079

0.10 1.00 1.00 0.10 16.84203

8.00 17.58512

16.00 18.43437

32.00 20.13286

0.10 1.00 1.00 0.10 16.84203

2.00 18.46412

4.00 22.45800

8.00 35.45070

0.10 1.00 1.00 0.10 16.84203

0.30 16.14026

0.50 15.87334

0.70 15.73271

Table 2 displays the effects of Eckert number, Joule
heating, unsteadiness parameter, and Radiation parameter

on Nusselt number. The Nusselt number increases with
an increase in Eckert number, Joule heating parameter, and
unsteadiness parameter while it reduces with an augment in
the radiation parameter. Increasing the Eckert number, Joule
heating parameter and unsteadiness parameter increases the
temperature of the Nanofluid which in turn enhances the heat
transfer rate. Increasing the radiation parameter reduces the
overall temperature of the Nanofluid through the cooling effect
which results in a decrease in the Nusselt number. There is no
change in the Nusselt number when the Schmidt number, Soret
number, and Chemical reaction parameters are varied.

4.3. Effects of Flow Parameters on Mass Transfer Rate

Table 3 displays the effects of Schmidt number, Soret
number, unsteadiness parameter, and chemical reaction
parameter on the Sherwood number. Increasing these
non-dimensional parameters augments the diffusion of
nanoparticles. This enhances the mass transfer rate in the
Nanofluid thus increasing the Sherwood number. There is very
little effect of the Hartmann number and Prandtl number on the
Sherwood number.

Table 3. Results of mass transfer rate for different physical parameters.

Sc Sr λ Γ Sh

0.10 1.00 1.00 1.00 15.87301

0.30 17.05739

0.50 18.23664

0.70 19.41080

0.10 1.00 1.00 1.00 15.87301

2.00 16.29279

4.00 17.13235

8.00 18.81147

0.10 1.00 1.00 1.00 15.87301

2.00 15.92925

4.00 16.05042

8.00 16.34905

0.10 1.00 1.00 1.00 15.87301

8.00 16.82835

16.00 17.89170

32.00 19.93404

5. Conclusion

This study has investigated the unsteady MHD Nanofluid
flow through a divergent conduit with chemical reaction
and radiation. The governing equations are continuity,
conservation of momentum, energy, and concentration. The
effects of non-dimensional parameters on the flow variables,
skin friction coefficient, Nusselt number, and Sherwood
number were examined. Based on the results obtained, the
following conclusions are drawn:

1. The velocity profiles increased with an increase in
the Reynolds number and Hartmann number while
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increasing the unsteadiness parameter significantly led
to a decrease in the velocity profile.

2. The temperature profiles increased with an increase
in the Eckert number, Joule heating parameter, and
unsteadiness parameter while increasing the Prandtl
number and radiation parameter led to a decrease in the
temperature profiles.

3. The concentration profiles increased with an increase
in the Soret number, chemical reaction parameter, and
unsteadiness parameter while increasing the Schmidt
number led to a decrease in the concentration profile.

4. The skin friction coefficient decreased with an increase
in the Reynolds number and unsteadiness parameter
while augmenting the Hartmann number led to an
increase in the skin friction coefficient.

5. The heat transfer rate augmented with an increase
in the Eckert number, Joule heating parameter, and
unsteadiness parameter while increasing the radiation
parameter led to a decrease in the heat transfer rate.

6. The mass transfer rate augmented with an increase in the
Schmidt number, Soret number, unsteadiness parameter,
and Chemical reaction parameter.

6. Recommendations
Further research can be carried out on:
1. Influence of variable magnetic field on unsteady MHD

Nanofluid flow through a convergent-divergent conduit
with chemical reaction and radiation.

2. Effects of chemical reaction and radiation on unsteady
MHD Nanofluid of compressible flow through a
convergent-divergent conduit.

3. Three-dimensional MHD Nanofluid flow through a
convergent-divergent conduit with chemical reaction
and radiation for turbulent flows.

Abbreviations

PDE Partial differential equations
ODE Ordinary differential equations
MHD Magneto-hydrodynamics
MATLAB Matrix Laboratory
bvp4c boundary value problems 4th order collocation
BC Boundary Condition
HAM Homotopy Analysis Method
ADM Adomian Decomposition Method
ANFIS Adaptive Neuro Fuzzy Inference System

Nomenclature

Symbol Meaning SI Units
Cp Specific heat capacity JKg−1K−1

u, v, w velocity components ms−1

t Time s
P Pressure N/m2

T Temperature of the fluid K
C Concentration of the fluid kg/m3

K Thermal conductivity W/(mK)
F Body Forces N
Dnf Mass diffusivity of nanoparticles m2/s
B0 Strength of Magnetic Field
qrad Radiative heat flux
Re Reynolds number
Pr Prandtl
Ha Hartmann number
Sc Schmidt number
Rd Radiation parameter
Cf Skin friction coefficient
Nu Nusselt number
Sh Sherwood number
r, θ, z Cylindrical coordinate system
~∇ Gradient Operator

(
r̂
r
∂
∂r (r) + θ̂

r
∂
∂θ + ẑ ∂

∂z

)
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